We introduce an iterative process for finding an element in the common fixed point sets of two continuous pseudocontractive mappings. As a consequence, we provide an approximation method for a common fixed point of a finite family of pseudocontractive mappings. Furthermore, our convergence theorem is applied to a convex minimization problem. Our theorems extend and unify most of the results that have been proved for this class of nonlinear mappings.
Introduction
Let H be a real Hilbert space. A mapping T with domain D T ⊂ H and range R T in H is called pseudocontractive if for each x, y ∈ D T we have
T is called strongly pseudocontractive if there exists k ∈ 0, 1 such that
and T is said to be k-strict pseudocontractive if there exists a constant 0 ≤ k < 1 such that
The operator T is called Lipschitzian if there exists L ≥ 0 such that Tx − Ty ≤ L x − y for all x, y ∈ D T . If L 1, then T is called nonexpansive, and if L ∈ 0, 1 , then T is called It is now well known that if A is accretive then the solutions of the equation Ax 0 correspond to the equilibrium points of some evolution systems. Consequently, considerable research efforts have been devoted to iterative methods for approximating fixed points of T when T is pseudocontractive see, e.g., 2-4 and the references contained therein . Construction of fixed points of nonexpansive mappings via Mann's algorithm 5 has extensively been investigated recently in the literature see, e.g., 6, 7 and references therein . Related works can also be found in 7-18 . Mann's algorithm is defined by x 0 ∈ K and x n 1 α n x n 1 − α n Tx n , n ≥ 0, 1.6
where {α n } is a real control sequence in the interval 0, 1 . If T is a nonexpansive mapping with a fixed point and if the control sequence {α n } is chosen so that ∞ n 0 α n 1 − α n ∞, then the sequence {x n } generated by Mann's algorithm 1.6 converges weakly to a fixed point of T this is indeed true in a uniformly convex Banach space with a Fréchet differentiable norm 7 . However, this convergence is in general not strong see the counterexample in 19 ; see also 20 .
For a sequence {α n } of real numbers in 0, 1 and an arbitrary u ∈ C, let the sequence {x n } in K be iteratively defined by x 0 ∈ K and
where T is a nonexpansive mapping of C into itself. Halpern In 2000, Moudafi 24 introduced viscosity approximation method and proved that if H is a real Hilbert space, for given x 0 ∈ C, the sequence {x n } generated by the algorithm x n 1 : α n f x n 1 − α n T x n , n ≥ 0, 1.8
where f : C → C is a contraction mapping and {α n } ⊂ 0, 1 satisfies certain conditions, converges strongly to a common fixed point of T. Moudafi Our concern now is the following. Is it possible to construct a viscosity approximation sequence that converges strongly to a fixed point of pseudocontractive mappings more general than nonexpansive mappings?
In this paper, motivated and inspired by the work of Halpern 11 , Moudafi 24 , and the methods of Takahashi and Zembayashi 26 , we introduce a viscosity approximation method for finding a common fixed point of two continuous pseudocontractive mappings. As a consequence, we provide an approximation method for a common fixed point of finite family of pseudocontractive mappings. This provides affirmative answer to the above concern. Furthermore, we apply our convergence theorem to the convex minimization problem. Our theorems extend and unify most of the results that have been proved for this important class of nonlinear operators.
Preliminaries
Let C be closed and convex subset of a real Hilbert space H. For every point x ∈ H, there exists a unique nearest point in C, denoted by P C x, such that
2.1 P C is called the metric projection of H onto C. We know that P C is a nonexpansive mapping of H onto C. In connection with metric projection, we have the following lemma. 
Let {a n } be a sequence of nonnegative real numbers satisfying the following relation: a n 1 ≤ 1 − γ n a n σ n , n ≥ 0, 2.3
where (i) {γ n } ⊂ 0, 1 , γ n ∞ and (ii) lim sup n → ∞ σ n /γ n ≤ 0 or |σ n | < ∞. Then, a n → 0 as n → ∞.
By a similar argument in 28 , we have the following lemma. 
Moreover, by a similar argument of the proof of Lemmas 2.8 and 2.9 of 26 , we get the following lemma. 
for all x ∈ H. Then, the following hold:
4 VI C, A is closed and convex.
Main Results
In the sequel, we will make use of the following lemmas. 
Proof. Let x ∈ H and r > 0. Let A : I − T, where I is the identity mapping on C. Then, clearly A is continuous accretive mapping. Thus, by Lemma 2.3, there exists z ∈ C such that y − z, Az
Hence, the lemma holds. 
4 F T is closed and convex.
Proof. We note that y − z, 
3.4
Now, we prove our main convergence theorem.
Theorem 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T i : C → C, for i 1, 2, be continuous pseudocontractive mappings such that F : 2 i 1 F T i / ∅. Let f be a contraction of C into itself, and let {x n } be a sequence generated by x 1 ∈ C and x n 1 α n f x n 1 − α n T r n F r n x n , 3.5
where {α n } ⊂ 0, 1 and {r n } ⊂ 0, ∞ such that lim n → ∞ α n 0, ∞ n 1 α n ∞, ∞ n 1 |α n 1 −α n | < ∞, lim inf n → ∞ r n > 0, and ∞ n 1 |r n 1 −r n | < ∞. Then, the sequence {x n } n≥1 converges strongly to z ∈ F, where z P F f z .
Proof. Let Q P F . Then, Qf is a contraction of C into C. In fact, we have that
for all x, y ∈ C, where β is contraction constant of f. So Qf is a contraction of C into itself.
Since C is closed subset of H, there exists a unique element z of C such that z Qf z .
Let v ∈ F, and let u n : T r n w n , where w n : F r n x n . Then, we have from Lemma 3.2 that
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Moreover, from 3.5 and 3.7 , we get that
3.8
By induction, we get that
Therefore, {x n } is bounded. Consequently, we get that {w n }, {T r n w n }, {F r n x n }, and {f x n } are bounded. Next, we show that x n 1 − x n → 0. But from 3.5 we have that
3.10
where K 2 sup{ f x n u n : n ∈ N}. Moreover, since w n F r n x n and w n 1 F r n 1 x n 1 , we get that y − w n , T 2 w n − 1 r n y − w n , 1 r n w n − x n ≤ 0, ∀y ∈ C, 3.11
y − w n 1 , T 2 w n 1 − 1 r n 1 y − w n 1 , 1 r n 1 w n 1 − x n 1 ≤ 0, ∀y ∈ C. 3.12
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Putting y : w n 1 in 3.11 and y : w n in 3.12 , we get that w n 1 − w n , T 2 w n − 1 r n w n 1 − w n , 1 r n w n − x n ≤ 0, 3.13 w n − w n 1 , T 2 w n 1 − 1 r n 1 w n − w n 1 , 1 r n 1 w n 1 − x n 1 ≤ 0. 3.14 Adding 3.13 and 3.14 , we have w n 1 − w n , T 2 w n − T 2 w n 1 − w n 1 − w n , 1 r n w n − x n r n − 1 r n 1 w n 1 − x n 1 r n 1 ≤ 0,
3.15
which implies that
3.16
Now, using the fact that T 2 is pseudocontractive, we get that w n 1 − w n , w n − x n r n − w n 1 − x n 1 r n 1 ≥ 0, 3.17
and hence w n 1 − w n , w n − w n 1 w n 1 − x n − r n r n 1 w n 1 − x n 1 ≥ 0.
3.18
Without loss of generality, let us assume that there exists a real number b such that r n > b > 0 for all n ∈ N. Then, we have
3.19
and hence from 3.19 we obtain that w n 1 − w n ≤ x n 1 − x n 1 r n 1 |r n 1 − r n | · w n 1 − x n 1 ≤ x n 1 − x n 1 b |r n 1 − r n |L,
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where L sup{ w n − x n : n ∈ N}. Furthermore, from 3.10 and 3.20 , we have that
3.21
Now, using conditions of {α n }, {r n } and Lemma 2.2, we have that lim n → ∞
x n 1 − x n 0.
3.22
Consequently, from 3.20 and 3.22 , we obtain that lim n → ∞ w n 1 − w n 0.
3.23
Similarly, taking u n T r n w n and u n 1 T r n 1 w n 1 and following the method used for w n , we get that lim n → ∞ u n 1 − u n 0. Furthermore, since x n α n−1 f x n−1 1 − α n−1 u n−1 , we have that
3.24
Thus, since α n → 0, we obtain that
Moreover, for v ∈ F, using Lemma 3.2, we get that
3.26
and hence
Therefore, from 3.5 , the convexity of · 2 , 3.7 and 3.27 we get that
3.28
3.29
So we have x n − w n → 0 as n → ∞. This implies with 3.25 that u n − w n ≤ u n − x n x n − w n → 0 as n → ∞.
Next, we show that lim sup
where z P F f z . To show this inequality, we choose a subsequence {x n i } of {x n } such that lim sup
Since {x n i } is bounded, there exists a subsequence {x n i j } of {x n i } and w ∈ H such that x n i j w. Without loss of generality, we may assume that x n i w. Since {x n i } ⊂ C and C is convex and closed, we get that w ∈ C. Moreover, since x n −w n → 0 as n → ∞, we have that w n i w. Now, we show that w ∈ F. Note that, from the definition of w n i , we have y − w n i , T 2 w n i − 1 r n i y − w n i , r n i 1 w n i − x n i ≤ 0, ∀y ∈ C.
3.32
Put z t tv 1 − t w for all t ∈ 0, 1 and v ∈ C. Consequently, we get that z t ∈ C. From 3.32 and pseudocontractivity of T 2 , it follows that
3.33
Then, since w n − x n → 0, as n → ∞, we obtain that w n i − x n i /r n i → 0 as i → ∞. Thus, as i → ∞, it follows that
Letting t → 0 and using the fact that T 2 is continuous, we obtain that
Now, let v T 2 w. Then, we obtain that w T 2 w, and hence w ∈ F T 2 . Furthermore, the fact that u n − w n → 0 and w n i w imply that u n i w, following the method used for w n , we obtain that w ∈ F T 1 , and hence w ∈ 2 i 1 F T i . Therefore, since z P F f z , by Lemma 2.1, we have lim sup
3.37
Now, we show that x n → z as n → ∞. From x n 1 − z α n f x n − z 1 − α n u n − z , we have that
3.38
This implies that,
where γ n : 2 1 −β α n / 1 −α n β , σ n : 2 1 −β α n / 1 −α n β {α n M/2 1 −β 1/ 1 −β f z − z, x n 1 − z }, for M sup{ x n − z 2 : n ∈ N}. But note that ∞ n 1 γ n ∞, lim n → ∞ γ n 0, and lim sup n → ∞ σ n /γ n ≤ 0. Therefore, by Lemma 2.2, we conclude that {x n } converges to z ∈ F, where z P F f z . This completes the proof.
If, in Theorem 3.3, f u ∈ C is a constant mapping, then we get z P F u . In fact, we have the following corollary. where {α n } ⊂ 0, 1 and {r n } ⊂ 0, ∞ such that lim n → ∞ α n 0, ∞ n 1 α n ∞, ∞ n 1 |α n 1 −α n | < ∞, lim inf n → ∞ r n > 0, and ∞ n 1 |r n 1 −r n | < ∞. Then, the sequence {x n } n≥1 converges strongly to z ∈ F, where z P F u .
If, in Theorem 3.3, we have that T 2 ≡ I, identity mapping on C, then we obtain the following corollary. Corollary 3.5. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T 1 : C → C be continuous pseudocontractive mapping such that F T 1 / ∅. Let f be a contraction of C into itself, and let {x n } be a sequence generated by x 1 ∈ C and x n 1 α n f x n 1 − α n T r n x n , 3.41
where {α n } ⊂ 0, 1 and {r n } ⊂ 0, ∞ such that lim n → ∞ α n 0, ∞ n 1 α n ∞, ∞ n 1 |α n 1 −α n | < ∞, lim inf n → ∞ r n > 0, and ∞ n 1 |r n 1 −r n | < ∞. Then, the sequence {x n } n≥1 converges strongly to z ∈ F, where z P F T 1 f z .
Let H be a real Hilbert space. Let A i : H → H, for i 1, 2, be accretive mappings. Let T r n x : {z ∈ H : y − z, I − A 1 z − 1/r n y − z, 1 r n z − x ≤ 0, for all y ∈ H}, F r n x : {z ∈ H : y − z, I − A 2 z − 1/r n y − z, 1 r n z − x ≤ 0, for all y ∈ H}. Then we have the following convergence theorem for a zero of two accretive mappings. where {α n } ⊂ 0, 1 and {r n } ⊂ 0, ∞ such that lim n → ∞ α n 0, ∞ n 1 α n ∞, ∞ n 1 |α n 1 −α n | < ∞, lim inf n → ∞ r n > 0, and ∞ n 1 |r n 1 −r n | < ∞. Then, the sequence {x n } n≥1 converges strongly to z ∈ N, where z P N f z .
Proof. Let T i :
Then, we get that T i , for i 1, 2, are continuous pseudocontractive mappings with 2 i 1 N A i 2 i 1 F T i . Thus, the conclusion follows from Theorem 3.3.
The proof of the following theorem can be easily obtained from the method of proof of Theorem 3.3. Theorem 3.7. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T i : C → C, for i 1, 2, . . . , L, be continuous pseudocontractive mappings such that F : L i 1 F T i / ∅. Let f be a contraction of C into itself, and let {x n } be a sequence generated by x 1 ∈ C and x n 1 α n f x n 1 − α n K 1,r n K 2,r n , . . . , K N,r n x n , 3.43
where K i,r n x : {z ∈ C : y − z, T i z − 1/r n y − z, 1 r n z − x ≤ 0, for all y ∈ C}, for i 1, 2, . . . , L, and {α n } ⊂ 0, 1 and {r n } ⊂ 0, ∞ such that lim n → ∞ α n 0, ∞ n 1 α n ∞, ∞ n 1 |α n 1 − α n | < ∞, lim inf n → ∞ r n > 0, and ∞ n 1 |r n 1 − r n | < ∞. Then, the sequence {x n } n≥1 converges strongly to z ∈ F, where z P F f z .
Application
In this section, we study the problem of finding a minimizer of a continuously Fréchet differentiable convex functional in Hilbert spaces. Let h and g be continuously Fréchet differentiable convex functionals such that the gradient of h, ∇h and the gradient of g, ∇g are continuous and accretive. For γ > 0 and x ∈ H, let T r n x : {z ∈ H : y − z, I − ∇h z − 1/r n y − z, 1 r n z − x ≤ 0, for all y ∈ H} and F r n x : {z ∈ H : y − z, I − ∇g z − 1/r n y − z, 1 r n z − x ≤ 0, for all y ∈ H} for all x ∈ H. Then, the following theorem holds. Theorem 4.1. Let H be a real Hilbert space. Let h and g be continuously Fréchet differentiable convex functionals such that the gradient of h, ∇h and the gradient of g, ∇g are continuous and accretive such that N : N ∇h ∩N ∇g / ∅. Let f be a contraction of H into itself, and let {x n } be a sequence generated by x 1 ∈ H and x n 1 α n f x n 1 − α n T r n F r n x n , 4.1
where {α n } ⊂ 0, 1 and {r n } ⊂ 0, ∞ such that lim n → ∞ α n 0, ∞ n 1 α n ∞, ∞ n 1 |α n 1 −α n | < ∞, lim inf n → ∞ r n > 0, and ∞ n 1 |r n 1 −r n | < ∞. Then, the sequence {x n } n≥1 converges strongly to z ∈ F, where z P N f z .
Proof. The conclusion follows from Theorem 3.6. We note that from the convexity and Fréchet differentiability of h and g we have N ∇h arg min y∈C h y and N ∇g arg min y∈C g y . 
